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Abstract. Let X be a topological space and let ^ be an ideal in X. (That 
is, is a collection of subsets of X such that every subset of an element of 
is in y and the union of any two elements ol is in ,^ .) The elements of 
are called null. The space X is locally null if each of its points has a null 
neighborhood in X. 

We introduce and study the normed subalgebra Cg^(X) of Ch{X) consisting 
of those / g Ci,(X) whose support has a null neighborhood in X, and the 
Banach subalgebra C^f (X) of Ct{X) consisting of those / € Ct{X) such that 
|/|~^([l/n, oo)) has a null neighborhood in X for each positive integer n. In 
particular, we prove that if X is a normal locally null space then Cg^(X) and 
Cq" (X) arc respectively isometrically isomorphic to Coo{Y) and Co(Y) for 
some unique locally compact Hausdorff space Y. Furthermore, Cq^{X) is dense 
in (X). We construct y as a subspace of the Stone-Cech compactification 
13 X of X. The space Y is locally compact, contains X densely, and is sometimes 
countably compact. We identify Y as familiar subspaces of fiX in specific cases. 
The known construction of Y enables us to better study C^{X) and Cff (X) 
and derive some of their properties. This is particularly done when we consider 
specific examples of either the space X or the ideal J^. 
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1. Introduction 

Throughout this article by a space we mean a topological space. Let X be a 
space. We denote by C{X) the set of all continuous / : X ^ M and we denote by 
Cb{X) the set of all bounded elements of C{X). If / £ C{X) the support of / is 

supp(/) = clx{xeX:/(x)^0}. 

We denote by Cq{X) the set of all / G Cb{X) which vanish at infinity (that is, 
oo)) is compact for each positive integer n) and we denote by Coq{X) 
the set of all / e Ch{X) with compact support. 

An upper semi-lattice (L, <) is a partially ordered set that together with any two 
elements a, 6 e L it contains their least upper bound a V &. Let (L, <) be an upper 
semi-lattice. A non-empty subset / of i is an ideal in L if it satisfies the following: 

• If a, & e / then aW b e I. 

• lit £ L and t < a € I then tel. 

Suppose that (L, <) contains the least upper bound for any countable number of 
elements in L. An ideal / of i is a a-ideal in L if it satisfies the following: 

• If oi , a2 , . . . G / then ai V 02 V • ■ • G /. 

We are particularly interested in upper semi-lattices <) such that ^ C ^{X), 
where X is a space and < is the set-theoretic inclusion C; the elements of are 
then called null (or negligible) . The ideal .y is proper if X in not null. The space 
X is locally null if each of its points has a null neighborhood in X . An ideal may 
be interpreted as a collection of sets that are considered to be somehow "small" or 
"negligible" . Every element of the upper semi-lattice contained in an element of 
the ideal must also be in the ideal; this codifies the notion of "smallness" . 

Let X be a locally separable metrizable space. In p2] (and [19]) we have in- 
troduced and studied the Banach algebra Cs{X) of all / G Cb{X) with separable 
support, using techniques we have already developed in (14) and [18j . Here we aim 
to follow the same route. Our results here generalize and unify our earlier results 
in [16], [IS] and fSO^. 

The article is divided into two parts. 

In the first part, for a space X and an ideal of an upper semi- lattice {Jtf, C), 
where ^ C ^{X), we consider the subset Cq^{X) of Cb{X) consisting of those / G 
Cb{X) whose support has a null neighborhood in X and the subset C^f {X) of Cb{X) 
consisting of those / G Cb{X) such that \f\^^{[l/n,oo)) has a null neighborhood 
in X for each positive integer n. Under certain conditions the expression of either 
Cq^{X) or Cjf (X) simplifies. In particular 

CfoiX) = {feCb{X): supp(/) is null} 

if X is Lindelof and locally null, is a cr-ideal and ^ contains the set ^'^{X) of 
all regular closed subspaces of X, and 

CfiX) = {/ G Cb{X) : |/|-i([l/n,oo)) is null for each n} 

if .Sf contains the set 3^{X) of all zero-sets of X. The sets Cq^{X) and C^f {X) 
coincide with Coo{X) and Co{X), respectively, if X is locally compact and is the 
set of all subspaces of X with compact closure. We show that in general Cq^{X) 
is an ideal in Cb{X) and C^f {X) is a closed ideal in Cb{X) containing Cq^{X). 
Furthermore, if X is completely regular, then Cq^{X) is of empty hull if and only 
if Cq {X) is of empty hull if and only if X is locally null, and if so, then Cqq{X) is 
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unital if and only if Cq {X) is unital if and only if is non-propor. The main result 
of this part states that ii X is normal and locally null then C{(q{X) and Cq {X) are 
respectively isometrically isomorphic to Coo(^) and Cq(Y) for some unique (up to 
homeomorphism) locally compact Hausdorff space Y = Xj^X, where 

X^jgX — |int/3j)f cl/3j)f C : C G Coz(X) and clxC has a null neighborhood in 

is a subspace of the Stone-Cech compactification (3X of X. (Here Coz{X) denotes 
the set of all cozero-sets of X.) Furthermore, Cq {X) contains Cqq{X) densely, Y 
contains X densely, and Y is compact if and only if Cqq{X) is unital if and only 
if Cq {X) is unital. Moreover, X is also Lindelof and is a a- ideal, then Y is 
countably compact and {X) = Cqq{X). 

In the second part, wc consider specific examples. This specification, cither of 
the space X or the ideal ^ , enables us to study Cqq{X) and {X) further and 
deeper. This part is divided into four sections. 

In the first section, for a topological measure space {X, &, pt) we consider the 
ideal 

^={Be=^:M(S) = 0}. 
This loads to the consideration of the Banach subalgebra of Ch{X^ consisting of 
elements with /x-null cozero-set. 

In the second section, for a regular Lindelof space X we consider the closed z- 
idcals H in C\,{X) with empty hull. We show that such an H contains a Banach 
subalgebra K of the form Co(F) = Coo(^) for some locally compact countably 
compact Hausdorff space Y . Furthermore, K is unital if and only if H contains an 
element not vanishing on X . 

In the third section we consider certain known ideals of N. These include the 
summable ideal 

= < A C N : ^ - converges > 



and the density ideal 
9 = 

of N. If we let 



^ C N : limsup 



Un{l,...,n}| 



= 



n 



Soo = C(S(N), ()oo = Co®oW, So = Co^(N) and Do = C(N) 



then 



and 

are normed subalgebras of £tx 
So = S X e f oo 



: limsup 

n— >oo 

and 



E : 

x(n)7i0 



converges 



\{k<n: x(A:) ^ 0}| 



= 



n 



— converges for each e > 1 , 



|x(n)|>e 



and 



5o 



= |x e 



: lim sup 



\{k<n: |x(fc)| > e}| 



= for each e > , 
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are Banach subalgcbras of £00 ■ Moreover, Soo and Oqo each contains an isometric 
copy of the normed algebra ^00, Soo/coo and Ooo/coo each contains a copy of 

the algebra 

and So / co and Oq /cq each contains an isometric copy of the normed algebra 

/ 



e 



Finally, in the fourth section we consider for a space X and a topological property 
the ideal 

^qj = {A C X : clxA has <p} 

of {,'^{X), C). Here *p is required to satisfy certain mild requirements. We consider 
C^{X) and C^f {X) where = J^^rp; for simplicity of the notation denote them by 
C^q{X) and C^{X), respectively. Also, denote A jrX by AipX. In this context 

CfoiX) ^{f e CbiX) : supp(/) has a closed neighborhood in X with *p} 

and 

C^{X) = {f e Cb{X) ; I/|-i([l/n,oo)) has for each n}. 
The ideal J^rp is non-proper if and only if X is non-*p, and if X is regular, X is 
locally null if and only if X is locally-*p. Particular attention will be paid to those 
spaces X and topological properties *P such that X is locally-*P and has £} and ^ 
satisfies 

*P + O — > The Lindeldf property, 
where £3 is a topological property subject to some requirements. In particular, in 
this case we would have 

C^iX) = {fe Cb{X) : supp(/) has 

The special case in which *p is the Lindelof property and Q is metrizability (or 
paracompactness) is studied in great detail. Among other things, we show that 
AfpX is countably compact and is non-normal if X is non-Cp. In particular, 

dimCg{X)^£{Xfo, 

where £{X) is the Lindelof number of X. The concluding results in this section 
deal with realcompactness and pseudocompactness. We show that if *P is realcom- 
pactness and X is normal, then 

X<^X = l3X\c\px{vX\X) 

where vX is the Hewitt realcompactification of X. Also, if *P is pseudocompactness 
and X is completely regular, then 

Xi^/X = int^x'L'-^ 

for the ideal 

= {A G ^^if{X) : A is pseudocompact} 
of the partially ordered set {£i'i^{X), C) of all regular closed subspaces of X. 

In the recent preprint [IB] , for a completely regular space X and a filter base ^ 
of open subspaces of X, the author defined C^{X) to be the set of all / S C{X) 
whose support is contained in X\A for some A £ and CaoSsiX) to be the set 
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of all / e C{X) such that |/|^^([l/ri, oo)) is contamed in X\A for some A e ^ 
for each positive integer n. (See [2, for certain special cases.) Also, if is an 
ideal of closed subspaces of X, in [I], the authors defined Cj^{X) to be the set of 
all / G C{X) whose support is contained in J^, and C^(X) to be the set of all 
/ e such that |/|~^([l/n, cxo)) is contained in for each positive integer 

n. Despite similarities between our definitions and the definitions given in [26, or 
[I] , the existing differences between definitions have caused this work to move in a 
different direction, leaving little in common with either [26] or [1]. 



This section contains certain notion and known facts that we will use frequently 
throughout this article. The first part is to provide examples of upper semi-lattices; 
upper semi-lattices are the natural setting to state and prove our results. The sec- 
ond part review certain properties of the Stone-Cech compactification; the Stone- 
Cech compactification is the main tool in our study. For more information on the 
theory of the Stone-Cech compactification we refer the reader to [7] , [9] , [24] and 
[29]. 

Examples of upper semi-lattices. In the following we give examples of upper 
semi-lattices. (Indeed, the examples are all lattices, however, this will not be used 
in the sequel.) 

(1) Let X be a space. A subspace A of AT is regular closed inX ii A = clxintx^. 
Denote by ^'^{X) the set of all regular closed subspaces of X. Note that 
the closure of each open subspace of X is regular closed in X. The partially 
ordered set {^'^{X), C) is an upper semi-lattice. If C ^'^^{X) is non- 
empty then 



In particular, ii A,B e .W(A) then 

Ay B ^ AU B. 

(2) Let A be a space. A subspace A of A is regular open in X ii A ^ intxclx^. 
Denote by ^i^'(A) the set of all regular open subspaces of A. Note that the 
interior of each closed subspace of A is regular open in A. The partially 
ordered set {^^{X), C) is an upper semi-lattice. If ^ C ^ff{X) is non- 
empty then 



(3) Let A be a space. A subspace Z of A is a zero-set in A if Z = /^^(O) for 
some continuous / : A ^> [0,1]. Denote by 2f{X) the set of all zero-sets 
of A. The partially ordered set {2f{X), C) is an upper semi-lattice. If 
Z,S e 2f{X) then 



2. Preliminaries 





In particular, ii A,B e S^M{X) then 

Am B = intxclx(AUB). 



to see this, let /, g : A — [0, 1] be continuous and observe that 
Z(/)UZ(5) = Z(/g). 
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(4) Let X be a space. A subspace C of X is a cozero-set in X ii C ~ X\Z for 
some zero-set Z in X. Denote by Coz{X) the set of all cozero-sets of X. 
The partially ordered set (Coz(X),C) is an upper semi-lattice. Indeed, if 
C,De Coz{X) then 

C\/ D = CUD. 

More generally, if C Coz{X) is non-empty and countable then 
as, if fn'-X-^ [0, 1] is continuous for each positive integer n, then 

oo 

y Coz(/„) = Coz(/) 

n=l 

where 

oo « 

f — \ ^ £^ 

71=1 

(That / is continuous follows from the Weierstrass Af-test.) 

The fact that C) is an upper semi-lattice does not necessarily mean that if 
A,B then AV B = AUB. (For instance, let if = ^ff{X) where X is a space. 
Then A V B = 'mtxc\x{A U B) for any A,Bg^, as noted in Section^) However, 
since we have both AC A\/ B and B C Ay B wc always have AU B C AV B. 

The Stone— Cech compactification. Let X be a completely regular space. A 
compactification 'yX of AT is a compact HausdorfF space jX containing A as a 
dense subspace. The Stone-Cech compactification j3X of X is the compactification 
of A which is characterized among all compactifications of A by the following 
property: Every continuous f : X ^ K, where K is a. compact Hausdorff space, is 
continuously extendable over f3X; denote by fp this continuous extension of /. For 
a completely regular space the Stone-Cech compactification always exists. In what 
follows we will use the following properties of /3A. (See Sections 3.5 and 3.6 of [7].) 

• A is locally compact if and only if A is open in fHX. 

• Any open-closed subspace of X has open-closed closure in (3X. 

• If A C r C ;3A then /ST = /3A. 

• If X is normal then /3T — clpxT for any closed subspace T of A. 

• Disjoint zero-sets of A have disjoint closures in /3X. 

Part 1. General theory 

This part is divided into two sections. Section [3] introduces the normed algebra 
C(^{X) and Section |4] introduces the Banach algebra C(f (A). Results of this part 
are stated and proved in the most general context; Part [2] will be subsequently 
devoted to the consideration of specific examples. 

3. The normed algebra Cqq{X) 

Let A be a space and let ^ be an ideal in an upper semi-lattice (^, C), where 
^ C ^(A). In this section we consider the subset Co^(A) of Cb{X) consisting of 
those elements of Ch{X) whose support has a null neighborhood in A. As we will 
see Cq^(A) coincides with Coo (A) if A is locally compact and ^ is the set of all 
subspaces of X with compact closure (and of course JSf = ^^{X)). We show that 
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Cq^{X) is in general an ideal (and in particular a normed subalgebra) in Cb{X). 
Furthermore, if X is completely regular, then Cj^{X) is of empty hull if and only 
if X is locally null, and if so, then C(^{X) is unital if and only if is non-proper. 
The main result of this section states that if X is normal and locally null then 
the normed algebra C^{X) is isometrically isomorphic to Coo{Y) for some unique 
(up to homeomorphism) locally compact Hausdorff space Y; this will be made 
possible through the crucial introduction of the subspace X,f'X of the Stone-Cech 
compactification /SX of X. Furthermore, Y contains X densely, and is compact if 
and only if Cq^{X) is unital. Our final result in this section which simplifies the 
expression of Cq^{X) states that 

CoUx) = {/ e Ct{X) : supp(/) is nun} 

whenever X is Lindelof and locally null, ^ is a cr-ideal and ^ contains the set 
^^(X) of all regular closed subspaces of X. 

Results of this section will generalize those we already obtained in [TB] , [H] and 
|20) . We now proceed with the formal treatment of the subject. 

Let X be a space and let A be a subspace oi X. A subspace U oi X is called a 
neighborhood of A in X if A C intxU. 

Definition 3.1. Let X be a space and let be an ideal in an upper semi- lattice 
(.if, C), where ^ C ^{X). Define 

Cl^{X) ~ {f e Cb{X) : supp(/) has a null neighborhood in X]. 

The following example justifies our use of the notation Cq^{X). 

Example 3.2. Let X be a locally compact space and let 

— {A C X : clx^ is compact}. 

Trivially, is an ideal in {3^{X), C). As we see now, in this case we have 

C6o(^) ^ C'oo(X). 

This justifies our use of the notation Cq^{X) here. Let / e Cb{X). It is obvious 
that if supp(/) has a null neighborhood U in X, then supp(/) is compact, as it is 
closed in clxC^ and the latter is so. Now, suppose that supp(/) is compact. For 
each X € X let Vx be an open neighborhood of cc in X such that cXxVx is compact. 
The set {14 : x G X} forms an open cover for supp(/). Therefore 

supp(/) QVx,y^■■■y^Vx^^v 

for some xi, . . . , a;„ G X. Clearly, ^ is a neighborhood of supp(/) in X, and it is 
null, as 

clxT^ = clxT4i U---UclxV;;„, 
(being the union of a finite number of compact subspaces) is compact. 

Theorem 3.3. Let X be a space and let .y be an ideal in an upper semi-lattice 
{J^fjC.), where ^ C £^{}C). Then Cq^{X) is an ideal (in particular, a normed 
subalgebra) in Cb{X). 

Proof. Note that C^{X) is non-empty, as it contains the zero vector 0. (Observe 
that there always exists a null subset of X; this constitutes a neighborhood for 
— supp(O) in X.) To show that C(^{X) is closed under addition, let f,g & 
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Cq^(X). Then, there exist null neighborhoods U and V of supp(/) and supp((7) in 
X, respectively. Note that Coz(/ + g) C Coz(/) U Coz{g). Thus 

supp(/ + g) C supp(/)Usupp(g) C intjfC/Uintjf\/ C mtx{UUV) CUUV CUW. 

Therefore supp(/ + g) has a null neighborhood in X, namely UW V. Then f + g E 
C^oiX). Next, let / G C^o{X) and g € Cb{X). Note that Coz(/g) C Coz(/). 
Thus supp(/(?) C supp(/). In particular, supp(/g) has a null neighborhoods in 
X, as supp(/) does. Therefore fg S Cqq[X). That C(^{X) is closed under scalar 
multiplication follows trivially. □ 

Remark 3.4. Following 9 , we call an ideal H of Cb{X) a z-ideal if Z(/) = Z(/i) 
where / G C6(X) and h ^ H implies that f ^ H. It is worth noting that in Theorem 
13.31 the ideal Cg^(X) is indeed a z-ideal; to see this let / e Cb{X) and g G Cq^{X) 
with Z(/) = Z((7). Then Coz(/) = Coz(5) and thus supp(/) = supp(5). Therefore 
supp(/) has a null neighborhood in X, as supp(5) docs. That is / e Ci^{X). 

The subspace A yX of PX introduced below plays a crucial role in our study. 
The space A j^X has been first considered in [Tl] (in a different context) to study 
certain classes of topological extensions. (See also [13], [15], [17] and [l8].) 

Definition 3.5. Let X be a completely regular space and let be an ideal in an 
upper semi-lattice (^, C), where ^ C ^{X). Define 

Aj?rX = {int^jf cl^jfC : C G Coz{X) and clxC has a null neighborhood in X}, 
considered as a subspace of /3X. 

Definition 3.6. Let X be a space and let be an ideal in an upper semi-lattice 
(.if, C), where C ^{X). Then X is called locally null (with respect to J^) if 
every point of X has a null neighborhood in X . 

If X is a space and D is a dense subspace of X, then 

dxU = clx{U nD) 

for every open subspace U oi X. Wc have the following simple observation. 

Lemma 3.7. Let X be a completely regular space. If f : X ^ [0, 1] is continuous 
and < r < 1 then 

f^'{[0,r)) Cmtpxcl^x.r\[0,r)). 

Proof. Note that 

fp\[0,r)) Cmtpxclpxf^\[0,r)) 

and 

c\pxf^\[0,r)) = clpx{X n f^\[0,r))) = clpxf-'{[0,r)). 

□ 

Observe that if / : PX [0, 1] is continuous then (/|x)/3 = /, as they are both 
continuous and coincide on the dense subspace X of 13 X. 

Let X be a space. For an ideal H of Cb(X) the hull of H is defined to be 

HH)^f]{Z{h):heH}; 

the ideal H is said to be of empty hull (or free) if i){H) — 0. 
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Theorem 3.8. Let X be a completely regular space and let be an ideal in an 
upper semi-lattice C), where I£ C ^(X). The following are equivalent: 

(1) X C\ ,yX. 

(2) X is locally null. 

(3) C(^{X) is of empty hull. 

Proof. (1) implies (2). Let x X. Then a; G A yX and therefore x € intpxclpxD 
for some D e Coz{X) such that clxD has a nuU neighborhood V in X. But V is 
then a neighborhood of x in X as well, a,s x € d-isxD O X = c\xD. 

(2) implies (1). Let x ^ X and let U he a, null neighborhood of x in X. Let 
/ : X — > [0, 1] be continuous with f{x) — and /|x\intx'7 = Let 

C = f-\[0,l/2))eCoz(X). 

Then clxC C /-i([0, 1/2]) and f~\[0,l/2]) C intx?/- Thus [/ is a nuU neigh- 
borhood of clxC* in X. Therefore mtpxc\pxC C XyX. But then a; G A j^X, as 
X e /^-^([0, 1/2)) and f-\[0, 1/2)) C int^xcl^xC by Lemma[3Jl 

(2) implies (3). Note that Cq^(X) is an ideal in Cb{X) by Theorem 13.31 Let 
X G X and let F be a null neighborhood of a; in X. Let W be an open neighborhood 
of X in X with cljjfM^ C intx^- Let g : X ^ [0,1] be continuous with g{x) — 1 and 
g\x\w = 0- Then supp(g) C cl;is:T4^, as Coz(g) C W. Thus y is a null neighborhood 
of supp((7) in X. Therefore g £ Cq^{X). 

(3) implies (2). Let x G X. Then x ^ Z(/i) for some h S Cj^{X). Since supp(/i) 
has a null neighborhood in X and a; G supp(/i), as a; G Coz(ft,), it then follows that 
X has a null neighborhood in X . □ 

Lemma 3.9. Let X be a completely regular space and let be an ideal in an upper 
semi-lattice C), where S£ C S^{X). For any subspace A of X, if clpxA C A jrX 
then clx^ has a null neighborhood in X . 

Proof. By compactness, we have 

(3.1) clfsxA C int/jxcl^xCi U • • • U int,3xcl/3xC„ 

for some Ci, . . . , C„ G Coz{X) such that each clxCi, where i = 1, . . . ,n, has a null 
neighborhood Ui in X. Intersecting both sides of (|3.ip with X we have 

clx^CclxCiU---UclxC„. 

Since 

cl^Ci U ■ • • U clxC„ CUiU---(jUnCUiV ■■■VUn^W 
it follows that ly is a null neighborhood of clxA in X. □ 

Theorem 3.10. Let X be a completely regular space locally null with respect to 
an ideal of an upper semi-lattice {S£ , C), where I£ C ^(X). The following are 
equivalent: 

(1) \,f!X is compact. 

(2) is non-proper. 

(3) Cqq{X) is unital. 

Proof. (1) implies (2). Note that X Q X ,^X by Theorem 13.81 as X is locally null. 
Since \j:X is compact we have cl/jjf X C A ,y;X. Therefore X is null by Lemma 

(2) implies (3). If X is null then the function 1 (defined to be identically 1 on 
the whole X) is the unit element of Cq^{X). 
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(3) implies (1). Suppose that Cq^{X) has a unit element u. Let x X . Let 
Ux be a null neighborhood of a; in X and let Vx be an open neighborhoods of x 
in X such that clxVx C intxUx- Let fx'-X-^ [0, 1] be continuous and such that 
fx(x) = 1 and fx\x\v^ = 0. Then Ux is a neighborhood of supp(/x) in X, as 
supp(/:r) ^ clxK- Therefore /^^ G C5^(^). We have 

= u(x)fx(x) = /x(a;) = 1. 

Thus M = 1 and therefore X = supp(m) is null. Since X G Coz(X) trivially, it 
follows that XjiX ^ /3X is compact. □ 

Definition 3.11. Let X be a completely regular space locally null with respect to 
an ideal of an upper semi-lattice C), where ^ C ^{X). For any / £ Cb{X) 
denote f\ = /^j^^^x- 
Observe that by Theorem 13.81 the function f\ extends /. 

Lemma 3.12. Let X be a normal space locally null with respect to an ideal ^ of 
an upper semi-lattice C), where ^ C !^(X). For any f G Cb{X) the following 
are equivalent: 

(1) /eCo^(x). 

(2) /a G Coo{X.^X). 

Proof. Note that X C X^ffX by Theorem l3.81 as X is locally null. 

(1) implies (2). Let U he a. null neighborhood of supp(/) in X. Thus supp(/) C 
intxC^. Since X is normal, by the Urysohn Lemma, there exists a continuous 
g : X ^ [0,1] such that 

5lsupp(/) = and g\x\intxU = 1- 

Let 

C = .g-i ([0,1/2)) e Coz(X). 
Then clxC" has a null neighborhood in X, namely U, as 

clxCCg-i ([0,1/2]) CintxC/. 

Therefore int^xcl^gxC' C XjrX. But (7^^([0, 1/2)) C int^xcl^gxC' by Lemma [37fl 
and thus 

cl;3xCoz(/) C Z{gp) C g-i([0, 1/2)) C X.yX. 

This implies that 

supp(/a) = c1a^xCoz(/a) = dx,^x{X n Coz(/a)) 

= c1a,^xCoz(/) = X,j,X n cl^xCoz(/) = cl^xCoz(/) 

is compact, as it is closed in f3X. 

(2) implies (1). Note that cl/3x(supp(/)) C supp(/a), as supp(/) C supp(/a) 
and the latter is compact. Thus cl/3A:(supp(/)) C XjrX. By Lemma [3.91 it follows 
that supp(/) has a null neighborhood in X. □ 

A version of the classical Banach-Stone Theorem (see Theorem 7.1 of [4,) states 
that for any locally compact HausdorfF spaces X and F, the rings Coo{X) and 
Coo{Y) are isomorphic if and only if the spaces X and Y are homeomorphic. (See 
[3].) This will be used in the proof of the following theorem. 
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Theorem 3.13. Let X be a normal space locally null with respect to an ideal ^ of 
an upper semi-lattice C), where ^ C (^{X). Then the normed algebra Ci^{X) 
is isometrically isomorphic to Coq(1") for some unique (up to homeomorphism) 
locally compact Hausdorff space Y , namely Y = \ jX . Furthermore, 

(1) Cq^(X) is of empty hull. 

(2) X is dense in Y . 

(3) Cq^(X) is unital if and only if is non-proper if and only ifY is compact. 

Proof. Observe that Cq^{X) is a normed subalgebra of Cb{X) by Theorem 13.31 
Define 

^■.Cfo{X)-^Co,{X^X) 

by 

Mf) = h 

for any / G Co^(X). By Lemma l3.12l the function ip is well-defined. It is clear that ip 
is an algebra homomorphism and that it is injective. (Again, note that X <Z X yX, 
and use the fact that any two scalar-valued continuous functions on XyX coincide, 
provided that they agree on the dense subspace X of XyX.) To show that i/j is 
surjective, let g e CoQ{X,fX). Then {g\x)\ — g and thus g\x G Cq^{X) by Lemma 
13.121 Note that tl'iglx) = g- To show that ^ is an isometry, let h e Cq^{X). Then 

\h^\{X,^X) = \h^\{ch,xX) C ch{\hx\{X)) = c\4\h\{X)) C [0, \\h\\] 

which yields ||ft.A|| < W^W. That \\h\\ < \\h\\\ is clear, as /i^ extends h. 

Note that X <fX \s locally compact, as it is open in the compact Hausdorff space 

px. 

The uniqueness of X,j?X follows from the fact that for any locally compact Haus- 
dorff space T the ring Cqo {T) determines the topology of T. 

(1) . This follows from Theorem 13.81 

(2) . By Theorem 13.81 we have X C Xj:X. That X is dense in Xj;X is then 
obvious. 

(3) . This follows from Theorem |3Iini □ 

Under certain conditions the representation given for Cqq{X) simplifies. This is 
the context of our next result. First, we need a lemma. 

Lemma 3.14. Let X be a Lindeldf space locally null with respect to a a -ideal 
of an upper semi-lattice (.if, C), where C iP{X). Then the closure in X of each 
null subset of X has a null neighborhood in X. 

Proof. Let A be a null subset of X. Since X is locally null, there exists a null 
neighborhood of x in X for each x € X. Since 

c\xA<Z IJ intxU^ 

xeX 

and c\xA is Lindelof, as it is closed in X and X is so, we have 

oo 

c\xA<Z IJ intxC/:r„. 

n=l 

But then, since ^ is a cr-ideal, we can write 

oo oo oo 

U intxC/x„ C IJ (7,„ C Y = W. 

n— 1 n— 1 n— 1 
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That is, clxA has a null neighborhood in X, namely W. □ 

Recall that ^'i^{X) denotes the set of all regular closed subspaces of a space X. 
(See Section [2]) 

Theorem 3.15. Let X be a Lindeldf space locally null with respect to a a-ideal .y 
of an upper semi-lattice (if, C), where ^ C S^{X). // W(X) C S£ then 

G-^^{X) = { / e C^,(X) : supp(/) IS null). 

Proof. Let / G CfoiX). Then supp(/) C U for some null U. Since supp(/) £ if, 
as supp(/) is regular closed in X, it follows that supp(/) is null. The converse 
trivially follows from Lemma [3. 141 □ 

4. The Banach algebra C/ (X) 

Let X be a space and let be an ideal in an upper semi-lattice (if, C), where 
if C ^{X). In this section we consider the subset C^f {X) of Ci,{X) consisting 
of those elements / of Ci,{X) such that |/|~^([l/n, oo)) has a null neighborhood 
in X for each positive integer n. As we will see, Cq [X) coincides with Cq{X) if 
X is locally compact and is the set of all subspaces of X with compact closure 
(and of course if — !3^{X)). Under certain conditions the expression of Cq {X) 
simplifies, this includes the case when if contains the set ^{X) of all zero-sets of 
X, in which case 

C'^{X) = {f e Cb{X) : |/|-i([l/n,oo)) is null for each n}. 

We show that Cq {X) is in general a closed ideal (and in particular, a Banach 
subalgebra) in Ch{X) containing Cqq{X). Furthermore, ii X is completely regular, 
then Cq {X) is of empty hull if and only if X is locally null, and if so, then Cq {X) 
is unital if and only if is non-proper. The main result of this section states that 
if X is normal and locally null then the Banach algebra Cff (X) is isometrically 
isomorphic to Cq{Y) for some unique (up to homeomorphism) locally compact 
Hausdorff space Y . Furthermore, Cf{X) contains Cqq{X) densely, Y contains X 
densely, and Y is compact if and only if C(f {X) is unital. Also, if X is moreover 
Lindelof and ^ is a a-ideal then Y is countably compact and Cjf {X) — C(^{X). 
We now proceed with the formal treatment of the subject. 

Definition 4.1. Let X be a space and let be an ideal in an upper semi-lattice 
(if, C), where ^ C ^{X). Define 

Cq {X) = {/ g Cb{X) : |/p^([l/ri, oo)) has a null neighborhood in X for each n}. 

The following is to justify our use of the notation Cq [X). 

Example 4.2. Let A' be a locally compact space. Consider the ideal 

= {A C X : c\xA is compact}. 

of {^{X), C). Then, an argument analogous to the one given in Example 13 . 21 shows 
that 

C(f{X) = Co (A). 

Under certain conditions the representation of Cq' (A) given in Definition 14.11 
simplifies. This is the context of the next few results. Recall that 3f{X) denotes 
the set of all zero-sets of a space X. (See Section [2]) 
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Proposition 4.3. Let X be a space and let ■J' he an ideal in an upper semi-lattice 
(if, C), where C 0»{X). If ^{X) C jSf then 

Cf{X) = {/ e Cb{X) : |/|-i([l/n,oo)) is null for each n}. 

Proof. Let / G Cq{X). Let n be a positive integer. Then |/|~^([l/n, oo)) is con- 
tained in a null subset of X , and is therefore null itself. (Note that [/["-"^([l/n, oo)) 
is contained in Jf, as it is contained in f^{X); to sec the latter, let 



max 



and observe that 7^{g) = |/|~-^([l/n, oo)).) 

Next, let / e Cb{X) such that |/|~^([l/n, oo)) is null for each positive integer 
n. Since 

l/|-([l/n,oo)) C |/|-((;^,oo)) C l/|-([;^,oo)), 

it follows that the latter is a null neighborhood of |/|~^([l/n, oo)) in X, for each 
positive integer n. That is / e C(f{X). □ 

Proposition 4.4. Let X be a space and let be a a-ideal in an upper semi-lattice 

(=Sf, C), where ^ C ^(X). //Coz(X) C ^ then 

Cff{X) = {/ e Cb(X) : Coz(/) IS null}. 

Proof. Let / G C(f{X). Let n be a positive integer. Then |/|~^([l/n, oo)) has a 
null neighborhood f7„ in X. We have 

oo CO oo oo 

Coz(/) = y |/|-i([l/n,oo)) C y intxC/„ C y /7„ C \/ [/„ = y. 

n=l n=l n=l n=l 

Since by our assumption Coz(/) € J5f (and V is null) it follows that Coz(/) is null. 

Next, note that if Coz(/) is null, where / G Cb{X), then |/|~"'^([l/ri, oo)) has 
a null neighborhood in X for each positive integer n, namely Coz(/) itself. Thus 

/eC/(X). □ 

Theorem 4.5. Let X be a space and let J' be an ideal in an upper semi-lattice 
C), where ££ C ^(X). Then Cq {X) is a closed ideal (in particular, a Banach 
subalgebra) in the normed algebra Cb{X). Furthermore, 

C^,{X)<ZC^{X). 

Proof. We start from the last statement. Let / G Cq^{X). Let n be a positive 
integer. Then |/|~^([l/n, oo)) has a null neighborhood in X, as it is contained in 
supp(/) and the latter does. Thus / G C'l^ {X). 

Next, we show that Cq {X) is an ideal in the algebra Cb{X). To show that 
Cq {X) is closed under addition, let f,g G Cff {X). Let n be a positive integer. 
There exist null neighborhoods U and V of |/|-i([l/(2n), oo)) and \g\^\[l/(2n),oo)) 
in X, respectively. Then 

|/ + 5|-^([l/n,oo)) C |/|-i([i-,^))u|5|-^([^,oo)) 
C intxUUmtxV CUUV CUW. 
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Thus 1/ + g\^^{[l/n, oo)) has a null neighborhood in X, namely U W V. Therefore 
f + g £ Cif {X). Next, let / e {X) and g e Cb{X). Let m be a positive integer 
such that \g{x)\ < m for each x ^ X. Since 



\fg\-\[l/n,^))c\f\-^ 



1 



, oo 

mn 



and I /I ^{[l/{mn), oo)) has a null neighborhoods in X it follows that \fg\ ^{[1/n, oo)) 
has a null neig hborhoods in X. Therefore fg G C/(X). That Cif {X) is closed 
under scalar multiplication follows analogously. 

Finally, we show that {X) is closed in Cb{X). Let / be in the closure in 
Cb{X) of C(f {X). Let n be a positive integer. There exists some g G C;f (X) with 
\\f-g\\ < l/(2n). IfiG |/|-i([l/n,oo)) then 

- < < - 9it)\ + \g{t)\ < 11/ - .g|| + \git)\ + \g{t)\ 

n ' ' ' III ' ' 2n ' ' 

and thus \g{t)\ > l/(2n). That is t e \g\-'^{[l/{2n),oo)). Therefore 



|/rl([l/n,^))c|g|-i([i-,^)) 



Since the latter has a null neighborhood in X, so does |/1 oo)). Thus 

feCffiX). □ 

Theorem 4.6. Let X be a completely regular space and let ^ be an ideal in an 
upper semi-lattice C), where ^ C !^(X). The following are equivalent: 

(1) X C\ ,yX. 

(2) X is locally null. 

(3) Cjf (X) is of empty hull. 

(4) C(^{X) is of empty hull. 



Proof. The equivalence of (1), (2) and (4) follows from Theorem 13.81 

(4) implies (3). Note that (X) contains C^q{X) by Theorem [431 Thus 
Cf{X) is of empty hull if Coo{X) is so. 

(3) implies (2). Let x e X. Then x ^ Z(/) for some / G Cif{X). That 
is |/(a;)| > 0. Let n he a positive integer such that |/(x)| > 1/n. Then x G 
\f\^^{[l/n, oo)). Since oo)) has a null neighborhood in X it follows that 

X has a null neighborhood in X. □ 

Theorem 4.7. Let X be a completely regular space locally null with respect to an 
ideal of an upper semi-lattice (Sf,C), where ^ C S^(X). The following are 
equivalent: 

(1) X^ifX is compact. 

(2) ^ is non-proper. 

(3) Cjf {X) is unital. 

(4) Cif {X) IS unital. 

Proof. The equivalence of (1), (2) and (4) follows from Theorem 13. 101 

(2) implies (3). If X is null then the function 1 is the unit element of C{f {X). 

(3) implies (2). Suppose that C(f {X) has a unit element u. Let Ux, Vx and fx be 
as defined in the proof of Theorem 13.101 Note that fx & Cjf {X), as fx G Cq^{X) 
and CifoiX) C Cif{X) by Theorem Arguing as in the proof of Theorem [3301 
we have u — 1. This implies that X — u~^{[l, oo)) is null. □ 
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Lemma 4.8. Let X be a normal space locally null with respect to an ideal J' of 
an upper semi-lattice C), where I£ C £^(X\ For any f G Ch{X) the following 
are equivalent: 

(1) feC(f{X). 

(2) /a eCo(A,yX). 

Proof. Note that X C A jrX by Theorem 13. 8) as X is locahy nuU. 

(1) implies (2). Let fc be a positive integer. Let Uk be a null neighborhood of 
|/|"i([l/fc,(X))) in X. Then \f\-'^{[l/k,oo)) C intxUk. Since X is normal, by the 
Urysohn Lemma, there exists a continuous gk : X ^ [0, 1] such that 

9k\\f\-^([i/k,oo)) ^ and gk\x\intxUk = ^■ 

Let 

Cfc = 5fe H[0, 1/2)) e Coz(X). 
Then clxC^ has a null neighborhood in X, namely Uk, as 
dxCk Q gk' {[0,1/2]) CintxUk. 
Therefore int^xcl^jf C**; C XjrX. Arguing as in the proof of Lemma 13.71 we have 

i/^ri((iA,oo)) ccv(i/rH(iA,cx)))). 

Since 

cW(l/r'((l/fc,oo))) Ccl^x(Z(g,)) CZ((.9,)^) C {gk)/ {[0,1/2)) 

and 

{gk) p\[0, 1/2)) Cintpxcl^xCk 
by Lemma it follows that 

(4.1) |/;3r'((l/fc,cx))) C A.^X 

Now, let n be a positive integer. Using (|4.1I) . we have 

|/^|-i([l/n,oo)) C CA^X. 

Therefore 

|/Ari([l/n,oo)) = A,yXn|/^ri([l/n,oo)) = |/^ri([l/n,oo)) 

is compact, as it is closed in (3X. 

(2) implies (1). Let n be a positive integer. Since |/a|^^([1/7t., oo)) contains 
/|^"'^([l/n, oo)) and it is compact, we have 

cW(|/r'([l/«,oo))) C \f^\-\[l/n,oo)) C X^X. 

But then |/|^^([l/n, oo)) has a null neighborhood in X by Lemma [3.91 □ 

There is a version of the classical Banach-Stone Theorem which states that for 
any locally compact HausdorfF spaces X and Y, the rings Co{X) and Co{Y) are 
isomorphic if and only if the spaces X and Y are homeomorphic. (See [3].) This 
will be used in the proof of the following theorem. 

Theorem 4.9. Let X be a normal space locally null with respect to an ideal of an 
upper semi-lattice (^, C), where ^ C ^{X). Then the Banach algebra Cjf {X) is 
isometrically isomorphic to Co{Y) for some unique (up to homeomorphism) locally 
compact Hausdorff space Y , namely Y — \ j;X . Furthermore, 

(1) Cq {X) is of empty hull. 
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(2) X is dense in Y . 

(3) Co^(X) is dense in Cf{X). 

(4) Cff {X) is unital if and only if ^ is non-proper if and only ifY is compact. 

Proof. Observe that (X) is a Banach subalgebra of Cb{X) by Theorem 14.51 
Define 

cl):Cf{X)^Co{X^X) 

by 

Hf) = h 

for any / S Cjf {X). By Lemma ITSl the function (j) is weh-defined, and arguing as 
in the proof of Theorem 13. 13[ it foUows that cf) is an isometric algebra isomorphism. 

Note that XyX is locaUy compact, as it is open in the compact Hausdorff space 
(3X, and XjrX contains X (as a dense subspace) by Theorem 13.81 

The uniqueness of A j^X fohows from the fact that the topology of any locally 
compact Hausdorff space T is determined by the algebraic structure of the ring 
Co{T). 

(1) . This follows from Theorem 14.61 

(2) . By Theorem 14.61 we have X C XyX. That X is dense in X^X is then 
obvious. 

(3) . Let (j) be as defined in the above and let ip = (f>\cjfg{x)- Then 

ij:Cf,{X)^CooiX.^X), 

and V' is surjective by the proof of Theorem 13. 131 The result now follows from the 
well known fact that Coq{T) is dense in Co(T) for any locally compact Hausdorff 
space T. 

(4) . This follows from Theorem EJI □ 

Remark 4.10. In Theorem 14.91 assuming that C^f {X) is a Banach algebra, it 
follows from the Commutative Gelfand-Naimark Theorem that Cq {X) is isomet- 
rically isomorphic to CoiY) for some locally compact Hausdorff space Y. Our 
approach here, apart from its independence, has the advantage of giving extra in- 
formation, about either the Banach algebra Cq [X) or the space F, not generally 
expected to be deducible from the standard Gelfand Theory. This fact is partic- 
ularly highlighted in the second part of the article in which we consider specific 
examples of the space X or the ideal ^ . 

Let X be a locally compact non-compact Hausdorff space. It is known that 
C{)(X) — Cqi^(X) if and only if every cr-compact subspace of X is contained in a 
compact subspace of X. (See Problem 7G.2 of [5].) In particular, Cq{X) = Cq[){X) 
implies that X is countably compact. (Recall that a space X is countably compact 
if and only if each countably infinite subspace of X has an accumulation point in 
X\ see Theorem 3.10.3 of 0-) This will be used in the proof of the following result 
which examines conditions under which Cq^(X) and C(f (X) coincide. 

Theorem 4.11. Let X be a regular Lindelof space locally null with respect to a 
a-ideal J' of an upper semi-lattice , C), where I£ C ^(X). Then 

(1) Ci{X)^C'^^{X). 

(2) Co(A,yX) = Coo(A,yX). 

(3) A .jtX is countably compact. 



CONTINUOUS MAPPINGS WITH NULL SUPPORT 



17 



Proof. We show that every cr-compact subspace of X.yX is contained in a compact 
subspace of Xj'X; this will show (2). (Note that A yX is locally compact, as it is 
open in PX.) In particular, since every countable set is cr-compact, this will prove 
that every countably infinite subspace of XyX has an accumulation point in A yX, 
that is, A yX is countably compact, and therefore (3) holds as well. 

Let A be a cr-compact subspace of A yX. Then A — AiU A2U ■ ■ ■ where each 
Ai, A2, ... is compact. For each positive integer n, by compactness of An we have 

(4.2) An C int^xcl/3xCi" U • • • U i^tpxc\pxC]^„ 

for some C", . . . , C^^ G Coz(X) such that each clxC", where i = 1, . . . , has a 
null neighborhood [/" in X. Let 

v^\J\JuT. 

n—l i—1 

Then V is null, as we are assuming that is a. cr-ideal. By Lemma [3.141 there exists 
a null neighborhood W of clxV in X. Note that every regular Lindelof space is 
normal. Now, since X is normal, by the Urysohn Lemma there exists a continuous 
f : X ^[0,1] with 

f\cixV = and /U\intxH' = 1- 

We prove that Z(/^) is the desired compact subspace of XyX which contains A. 
Let 

C = ri([0,l/2)) eCoz(X). 
Note that clxC* has a null neighborhood in X, namely W, as 

clxC C f-\[0,l/2]) CintxW. 

Therefore int^jfcl^^C C XyX. But /^i([0,l/2)) C int^xcl^gxC by LemmaO 
Since Z{ffi) C /-i([0,l/2)) we then have Z(/^) C XyX. Observe that Z(/^) is 
closed in f3X and is therefore compact. Now, let n — 1,2,... and i — 1, . . . , /c„. 
Since C" C t/" V, hy the way we have defined / it follows that 

(4.3) cl^xCr CcW(Z(/)) CZ(/^). 

From (|4.2p and ()4.3|) . we then have An C Z(/^) for each positive integer n. There- 
fore Z(/^) contains A. 

(1). As we have seen in the proofs of Theorems 13.131 and 14.91 the function 

^ : Cf{X) ^ CoiXyX) 

defined by 

Hf) = h 

for any / S Cq {X) is a bijection with 

V'(Co^(X)) = Coo(A,,X). 

The equivalence of (1) and (2) is now immediate. □ 

Remark 4.12. As we have seen in Theorem I4.11[ if ^ is a proper cr-ideal then 
XyX is a non-compact countably compact space with Co(A,yA") = Coo(A,yA'). In 
particular, if *P is a topological property such that 

*P -f- countable compactness — > compactness 
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then XyX is non-*p either. The list of such topological properties is quite long 
and includes topological properties such as the Lindelof property, paracompact- 
ness, realcompactness, metacompactness, subparacompactness, submetacompact- 
ness (or 0-refinability) , the meta-Lindelof property, the submeta-Lindelof property 
(or (50-refinability) , weak submetacompactness (or weak 0-refinability) and the weak 
submeta-Lindelof property (or weak 50-refinability) among others. (See Parts 6.1 
and 6.2 of [27 .) 

Part 2. Examples 

In this part we study specific examples of either Cqq{X) or Cq {X). We will see 
how this specification, either of the space X or the ideal J^, enables us to study 
Cqq{X) and Cq [X) further and deeper. 

5. Continuous mappings with measure-zero cozero-set 

This section comprises our first set of examples; it deals with continuous map- 
pings with measure-zero cozero-set. The natural setting to state and prove our 
results is the one of topological measure spaces. 

Notation 5.1. Let {X,^,ii) be a measure space. Denote 

^ ^{B fj.{B) = 0}. 

Note that if {X,^,ii) is a measure space then (^, C) is an upper semi- lattice 
(indeed, V = U fo^' countable subset of The following holds trivially. 

Lemma 5.2. Let (X,£l§,fi) be a measure space. Then ^ is a a-ideal in {SS^ C). 

A topological measure space is a quadruple {X, G ^ /i) where (X, SS^ fi) is a 
measure space and {X, (?) is a topological space such that G Q SS, that is, every 
open set (and thus every Borel set) is measurable. If (X, ^, SS., /z) is a topological 
measure space, by X (if used without any specification) we mean the topological 
space (X, 

Definition 5.3. Let (X, ^J", /i) be a topological measure space. The measure p. 
is said to be locally null if every x G X has a fi-mi\l neighborhood in X. 

The following follows trivially from the definitions. 

Lemma 5.4. Let {X,ff^3S,pL) he a topological measure space. Then X is locally 
null ( with respect to the ideal ^ ) if and only if fi is locally null. 

The following two theorems are the main results of this section. 

Theorem 5.5. Let (X, ff,Si,p) he a topological measure space and let 

97loo(X) = |/ G Cb{X) : supp(/) has a fi-null neighborhood in X}. 

Then 

• 9Jtoo(^) *s fl'T' ideal (in particular, a normed subalgebra) in the algebra 
CbiX). 

If X is completely regular, then 

• 2too(X) is of empty hull if and only if fi is locally null. 
If X is completely regular and fj, is locally null, then 

• DJloo{X) is unital if and only if /i is trivial. 
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// X is normal and fi is locally null, then 

• The normed algebra 9Jtoo(^) isometrically isomorphic to Cqq{Y) for some 
unique (up to homeomorphism) locally compact H aus dor ff space Y , namely 

Y = {inipxcypxC : C G Coz(X) and c\xC has a pL-null neighborhood in X}, 

considered as a subspace of f3X . Furthermore, 
o X is dense in Y . 

o dyioo{X) is unital if and only ifY is compact. 

Proof. The theorem foUows from Lemmas 15.21 and 15.41 and Theorems 13. 3[ 13.81 13.101 
and [333 □ 

Theorem 5.6. Let {X, be a topological measure space and let 

2no(X) = {/ e Cb{X) : /i(Coz(/)) = 0}. 

Then 

• 2Ho(^) closed ideal (in particular, a Banach subalgebra) in the normed 
algebra Cb{X). 

• 9Jtoo(X) COTo(X). 

// X is completely regular, then 

• DJIq{X) is of empty hull if and only if fj, is locally null. 
If X is completely regular and fj, is locally null, then 

• DJIq^X) is unital if and only if pL is locally null. 
If X is normal and fi is locally null, then 

• The Banach algebra 3Jlo(^) is isometrically isomorphic to Co{Y) for some 
unique (up to homeomorphism) locally compact H aus dor ff space Y , namely 

y = {mipxclpxC : C G Coz(X) and c\xC has a p,-null neighborhood in X^, 

considered as a subspace of PX. Furthermore, 
o X is dense in Y . 
o 9)loo{X) is dense in dJlo{X). 
o OJIqIX) is unital if and only ifY is compact. 

Proof Note that Coz{X) C ^. Thus MoiX) = Cf(X) by LemmaOand Propo- 
sition 14.41 The remaining parts of the theorem fohow from Lemma 15.41 and Theo- 
rems g^l |Ml |4J] and HH □ 

Remark 5.7. Let {X, G,SS,p) be a topological measure space. Let 

= {B e ^ ; p.{c\x(B)) = 0}. 

Then is an ideal in C). One can now state and prove results analogous to 
Theorems 15.51 and 15.61 with the ideal in place of the a-ideal ^ . 
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6. Closed z-ideals in Cb{X) with empty hull 

Let X be a regular Lindelof space and let iJ be a closed 2;-ideal in Cb(X) with 
empty hull. (Recall that an ideal H of Cb{X) is a z-ideal if Z(/) = Z(/i), where 
/ e Cb{X) and he H, implies that / e H.) Let ^ = Coz(X). Note that C) 
is a lattice closed under countable unions. (See Section O) Let 

Jf = {Coz(/i) -.heH}. 

We show that Jif is a cr-ideal in Suppose that Coz(/) C Coz(/i) with / G Cb(X) 
and /i e i7. Then Coz(/) = Coz(//i). In particular, Z(/) = Z{fh). Since //i G 
and H is a. z-ideal, it follows that f G H. Next, suppose that /i, f2, ■ ■ ■ G H and 
let 

(We may assume that /„ ^ for each positive integer n.) Then / G i/, as / is the 
limit of a sequence in if and by our assumption H is closed. Observe that 

oc 

Coz(/) - y Coz(/„). 

ri=l 

Next, since H is of empty hull, for each x € X we have x ^ Z(/i) for some h € H, 
and thus x G Coz(/i) G Therefore X is locally null (with respect to J^). By 
definition, we have 

C^(X) = {/ G Ch(X) : supp(/) C Coz(/i) for some heH}. 

Note that if / G 6*5'^ {X) then Coz(/) C Coz(ft,) for some h G H, and then arguing 
as in the above we have f e H. That is Cgf (X) C H. Also, note that {X) = 
C^(X) by Theorem KTl\ with C^f (X) and Cf"{X), respectively, isometrically 
isomorphic to Coo{Y) and Co{Y), and Coo(i^) — Co{Y), where F is a locally 
compact countably compact Hausdorff space. By Theorem 14. 7[ either Cq^ {X) or 
C(f"(X) is unital if and only if is non-proper if and only if X G if and only 
a X ^ Coz(h) for some h £ H. We summarize our discussion in the following. 

Theorem 6.1. Let X be a regular Lindelof space. Then every closed z-ideal H in 
Cb{X) with empty hull contains a Banach suhalgebra K of the form C{){Y) — Coo(i^) 
where Y is a locally compact countably compact Hausdorff space. Furthermore, K 
is unital if and only if H contains an element not vanishing on X. 

7. SUBALGEBRAS OF ^00 

In this section we consider certain ideals in (with N endowed with 

the discrete topology). This leads to introduction of certain subalgebras of ioo- 

By ^00, Co and cqo, respectively, we denote the set of all bounded sequences 
in M, the set of all vanishing sequences in R, and the set of all sequences in R 
with only finitely many non-zero terms. Note that ^00 = ^'^(N), co = Co(N) and 
Coo = C'oo(N), if N is given the discrete topology. 

Let 



^^IacN:^ - converges! . 



neA 

Then is an ideal in (i3^(N), C), called the summable ideal in N. A subset of N is 
called small if it is null (with respect to S^). 
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Note that there exists a family {Ai : i < 2'^} consisting of infinite subsets of N 
such that the intersection Ai Aj is finite for any distinct z, j < 2". To see this, 
arrange the rational numbers into a sequence gi, (72, • ■ • and for each z g M define 
Ai = {ni,n2, . . .} where , , ... is a subsequence of gi, (72, ■ • ■ which converges 
to i. This known fact will be used in the proof of the following. 

Recall that for a collection {Xi : z g /} of algebras the direct sum ^i^j Xi is 
the set of all sequences {xi}i^i where Xi e Xi for each z G / such that Xi = for all 
but a finite number of indices i d I. The set ® jg/ Xi is an algebra with addition, 
multiplication and scalar multiplication defined component-wise. We denote the 
sequence {xi}i^i by a sum X^ie/ ^^'^ direct sum Xi of a collection {Xi : 

z G /} of normed spaces is defined analogously and is a normed space with the 
norm given by 



sup {ll^illx, : z e /}. 



Theorem 7.1. Let 



1 



Soo = X £ ■ ~ converges 



n ■'J 



Then 

(1) Soo cin ideal (in particular, a normed subalgebra) in £, 

(2) Soo "i-s non-unital. 

(3) Soo isometrically isomorphic to Cqo{Y) where 

Y ^{Jl clpnA : ACN and ^ — converges > 

considered as a subspace o//3N. 

(4) Soo contains a copy of the normed algebra ^^=1 ^' 

(5) Soo / Coo contains a copy of the algebra 

Proof (l)-(3). Consider the ideal y of (^(N), C). Note that if x G ^00 (since N 
is discrete) then 

supp(x) = {n G N : x(n) ^ O} 

and supp(x) is null if and only if it has a null neighborhood in N. Thus Soo = 
C^{N). It now follows from Theorem 13 . 31 that Soo is an ideal in £oo- The remaining 
parts follow from Theorem 13.131 Observe that N is locally null (indeed, {n} is a 
null neighborhood of n in N for each rz G N) and that is non- proper (as 1/"- 
diverges). Also, note that (since N is discrete) every subset A of N is a cozero-set in 
N and since A is open-closed in N its closure cI^nA in f3N is open in f3N. Therefore 
Y = Aj^N. 

(4). By (3), we may consider Coo{Y) in place of Soo- Let A be an infinite subset 
of N such that X^nsA 1/"- converges (which exists, for example, let A = {2" : n G 
N}). Let Ai,A2, ... be a partition of A into pairwise disjoint infinite subsets. Let 

n = 1, 2, We may assume that C(cl^N^n) is a subalgebra of CooiY)- (Since A„ 

is open-closed in N it has open-closed closure cl/jN^n in /3N. Thus each element of 
C(c1/3nA„) may be continuously extended over Y by defining it to be identically 
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0C(cl;3N^„)^Coo(y) 



elsewhere.) Note that cl/jN^i and cl^fi Aj are disjoint for any distinct i,j = 1, 2, ... , 
as Ai and Aj are disjoint open-closed subspaces (and thus zero-sets) of N. Thus, 
the inclusion mapping 

oo 

L : 

n=l 

is an algebra isomorphism (onto its image) and it preserves norms. (For the lat- 
ter, use the fact that cI^nA^'s are disjoint for distinct indices.) Note that cl^pj^n 
coincides with /3A„, as An is closed in the normal space N. Finally, observe that 

C(cl0N^n) = C{l3An) = C{m = C\{N) = e^. 

(5). By (3), we may consider Coo{Y) in place of Sqo- Let A be an infinite subset 
of N such that J^neA ^/^ converges. Consider a family {Ai : i < 2"} consisting of 
infinite subsets of A such that Ai n Aj is finite for any distinct i,j < 2"^. Let 

H = {f € Coo{Y) : supp(/) C A} 

and let 

Hi = {fG C {clpm Ai) : supp(/) CAi} 

for each i < 2^. As in (4), we may assume that C(cl^N^i) is a subalgebra of Coo{Y) 
for each i < 2", and thus, we may assume that Hi C H. Note that \i f & H then 
supp(/) is finite, as it is a compact subspace of N. 
Define 

^ ■ Hi ^ H 

by 

Y^{fi + Hi)^ fi + H 

where fi G C(cl^N^i) for each i < 2". We show that 9 is an isometric isomorphism 
onto its image; since 

Hi Coo 
for each i < 2^^, this completes the proof. 

First, note that Q is well defined; to show this, let 

J2{fi+Hi)= Yigi + Hi) 

i<2" i<2'*' 

where fi,gi G C{cl0^Ai) for each i < 2'^. For each i <2" then fi + Hi=gi + Hi, 
or equivalently fi— Qi € Hi, in particular fi— gt & H. Thus 

and therefore 

e(^(/, + i?.)) = J2f^ + H=J29^ + H = e(Y.(9^ + Hi)). 

Now, we show that preserves product. Let fi,gi G C{cl^^Ai) for each i < 2". 
Then 

e[ ^ (/i + ffi) • E (9i +Hi))=e(Yl + Hi)\ = J2 fi9i + H. 
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Note that if fc, / < 2" with k ^ I then 

supp(/feg;) C supp(/fc) nsupp(5/) 

and thus f^gi G H. We have 



E/^E^'')+^ 



i<2" i<2'' 

E + i?- 



i<2'' 



This together with the above proves that 

0(E(/' + ^o- E(-9'+^o) =e(E(/» + ^')) ■©(E(ff^+^') 

^i<2'^ i<2'*' ^ ^i<2'*' ^ ^ i<2" 

That O preserves addition and scalar multiphcation foUows analogously. 
Next, we show that 8 is injective. Let 

©(E(/' + ^^)) =0 
where fi G C(c1/3n^i) for each i < 2". Then 

E + ^ = 0' 

i<2'^ 

or, equivalently 

i<2'^ 

Suppose that /i^, . . . , /^^ are the possibly non-zero terms. Fix some fc = 1, . 
Then 

f^k =h- E •^'^ ■ 

l<j^k<n 

We have 



Coz(/, J C Coz(/i) U U Coz(4.) Csupp(/i)U U cl;3N^,^. 

l<j"5^fc<n l<j=ik<n 

Note that the latter set is compact, as supp(/i) is finite, since h ^ H. Therefore 
(7.1) supp(/jj C supp(/i) U IJ clfsnA^.. 

l<j^k<n 

Intersecting both sides of (|7.1I) with cl^fifAi^ yields 

SUpp(/iJ C SUpp(/l) U (J (cl/3N^i,- n cl^N^i J 

l<j^k<n 

= supp(/i)u y ci^jN(v4i^ n^ij = supp(;i)u U (A,^. 
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with the latter being a subset of N. Thus 

supp(/jj C N n cI^nA,, = Ai^ 
and therefore fi^ £ Hi^ . This impUes that 

n 

Thus Q is injective. □ 
Theorem 7.2. Let 

So = I X e £00 : — converges for each e > 1 . 

|x(n)|>e ^ ^ 

Then 

(1) So is a closed ideal (in particular, a Banach suhalgebra) in too- 

(2) So is non-unital. 

(3) So contains Soo as a dense subspace. 

(4) So is isometrically isomorphic to Co{Y) where 

Y = [jl clfifiA : Acn and ^ — converges > , 

considered as a subspace of jSN. 

(5) So/co contains a copy of the normed algebra 

CO ■ 

Proof. The proofs for (l)-(4) are anafogous to the proofs for the corresponding 
parts in Theorem 17.11 making use of Theorems 14.51 and 14.91 Note that if x e £00 
and e > then |x|~^([e, cxd)) is null (with respect to if and only if 

E - 

^ n 

|x(n)|>e 

converges. Thus, in particular So = C^(N). 

(5). The proof of this part is analogous to the proof of the corresponding part 
in Theorem 1 7. II we will highlight only the differences. 

Let A and {Ai : i < 2'^} be as chosen in the proof of Theorem 17. II Let 

H ={f e Co{Y) : \f\-^{[e,oo)) C A for each e > O} 

and let 

H, = {f e C(cI^nA) : \ f\-\[e,oo)) C A, for each e > 0} 
for each i < 2". We consider C(cl^NAi) as a subalgebra of Co{Y), and thus, we 
may assume that Hi C H for each i < 2". Note that if i < 2" and f € Hi then 
|/|~"'^([e, 00)) is a finite subset of Ai, as it is compact (since it is closed in clptiAi). 
Define 

^ CjclpM ^ Co{Y) 

by 
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where fi £ C(cl^N^i) for each z < 2". Argumg as in the proof of Theorem 17.11 it 
foUows that Q is well defined. The proofs that 9 preserves product is analogous 
to the corresponding part in the proof of Theorem 17.11 simply observe that if 
fi,gi S C(cl^N^i) for each i < 2" and e > 0, then for any k,l < 2^ with k I we 
have 

\fkgir\[e,^)) C Cozihgi) 

C Coz(A) n Coz(.90 

C cl/3N^fe n cl;3N^/ = cl^N(-4fe nAi )^ AkClAiCA 

and thus fkgi G H . The proofs that O preserves addition and scalar multiplication 
are analogous. 

Now, we show that 8 is injective. Let 

where fi € C(cl/3N^i) for each i < 2". Suppose that U^.,... , /i„ are the possibly 
non-zero terms. Fix some k = 1, . . . ,n. Then, as in the proof of Theorem 1 7 . 1 1 we 
have 

for some h E H. If e > then 

\U-\[e,oo)) C \h\-\[e/n,^))U [j l^. T ^ ([e/n, oo)) 

l<j^k<n 

C AU [j clpnAi^. 

l<j^k<n 

Arguing as in the proof of Theorem 17.11 intersecting both sides of the above with 

dptiAi^ yields 

|/.J-'([e,oo)) C A,, 
and therefore fi^ £ ^ik- This imphes that 

n 

Thus Q is injective. 

Next, we show that Q is an isometry. First, we need to show the following. 

Claim. Let i < 2'^ and f £ C(cI^nAj). Then 

ll/ + ^^.ll = ||/lnNL- 

Proof of the claim. Suppose in the contrary that 

(7.2) + < ||/lnN|L- 

Then 

a = ||/ + ft.||oo < ||/lnN||oo 
for some h G Hi. Let a < 7 < ||/|y\N||oo- Then 

S =1/1-1 ([7, 00)) C \h\-'{[^-a,^))^C; 
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as if 2/ e F such that |/(y)| > 7, then 

a > 1/(2/) + hiy)\ > \fiy)\ ~ \h{y)\ > 7 - \h{y)\ 

and thus \h{y)\ > 7 — a. Note that i? is a finite subset of N, as C is so, since h € Hi. 
We have 

Y = dyN = B U cIy{N\B) 

and thus 

|/|(nN)C|/|(cly(N\B)) C|/|(N\S) = |/|(Nn|/|-i([0,7))) 

^ l/l(l/|-n[0.7)))cIo:^=[0,7], 

where the bar denotes the closure in R. This imphes that ||/|y\Nl|oo < 7; which 
contradicts the choice of 7. Thus (j7.2p is false, that is 

(7.3) + > ||/lnNL- 

Now, we prove the reverse inequality in (|7.3|) . Let S — ||/|y\N||oo- We first show 
that 

=Nn|/r 1 ((5 + £,«))) 

is finite for every e > 0. Suppose the contrary, that is, suppose that De is infinite 
for some e > 0. Note that cl^N£^e\N is non-empty, as cijsjqDe C N implies that 
— clfmDf is compact and is then finite. Let p € cl^N-De\N. Note that 

cljsnD^ = cl;3N(|/r^((^ + e, 00))). 

We have 

I/I(P) e |/1(c1^nA) - \f\{c\fM{\f\-\{6 + e,^)))) 

C 1/1(1/1-1 {{S + e, 00))) C{S + e,^) = [S + e, 00), 
where the bar denotes the closure in R. Therefore 

(5= ||/|y\N|L > I/(P)I >'5 + e, 

which is not possible. This shows that is finite for every e > 0. Now, let e > 0. 
Define h : Y ^ R such that h{x) = —f{x) ii x <E D^^ and h{x) = otherwise. Note 
that I?g is closed in Y, as it is finite, and is open in Y, as it is open in N and N is 
open in /3N (and thus in Y), since N is locally compact. Therefore h is continuous. 
Observe that 

Coz(/i) C D, cnr\\f\-\[S + e,oo)) CNndfifiA, = A,. 
Thus he H,. Note that / + = on ZJ^ and / + /i = / on Y\D^. Also, 

||/|n\z)JL < ^ + e 
by the way we have defined D^. Now 

\\f + Hi\\ < \\f + h\\oo^ \\f\Y\D,\\^ = max{||/|N\_Dj|^, ||/|y\N||^} < S + e. 
Since e > is arbitrary, it follows that 

\\f + H,\\<S=\\f\y\4^. 

This together with (|7.3p proves the claim. 
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Claim. Let ii, . . . , i„ < 2" and fi- G C(cl^N^ij) for each j — 1,. . 



Then 



Proof of the claim. This follows by an argument similar to the one we have given 
in the first claim; one simply needs to replace / by X]j=i fij j by H, and Ai by 
A throughout. 

Now, let zi, . . . , i„ < 2" and fi . £ C(cl^NAi . ) for each j = 1, . . . ,n. For simplic- 
ity of the notation let 

n 

Let 1 < j ^ k < n. Then Aj n v4fe is finite and thus 

Coz(/,J n Coz(/,,) C clpnAi^ n cI^nA,, = c1^n(A, n A„) = A,- n A, C N. 
In particular, 

Coz(/,Jy\N) nCoz(/,,| 

Now, by the second claim 

q(E(4 +^«.)) = 11/ + ^11 = ll/lnNiL 
V j=i / 

and by the first claim 

ll/lnwIL = ™ax{||/|(ci^„^,^\N)L : j = l,..-,?^} 

= max{||/,Jy\N||^ : j = 1, • • • ,"-} 



max {ll/i^ + H,. II : j = 1, . . . , n} = 



That is, O is an isometry. 



□ 



Remark 7.3. Any sequence / : N (0, cxd) such that J2^=i /("■) diverges, deter- 
mines an ideal 



S^f = <A<ZN ■.'^ f{n) converges I 

neA ' 



in (^(N), C). This provides a more general setting to state and prove Theorems 
OandO 



Let 



A C N : lim sup 



Un{l,...,n}| 







Then & also is an ideal in (^(N), C), called the density ideal in N. In other words, 
& consists of those subsets D of N such that D has asymptotic density zero. Note 
that every small set in N has asymptotic density zero, that is =5^ C the converse, 
however, does not hold in general. The set of all prime numbers has asymptotic 
density zero but it is not small. (For more information on the subject, see [8].) 

The following is dual to Theorems 17.11 and 17.21 and may be proved analogously, 
replacing the ideal ^ by the ideal ^ throughout the proofs already given. 



28 



M.R. KOUSHESH 



Theorem 7.4. Let 



|{A; < n : x(fc) 7^ Ojl 
9oo = X e «oo : lim sup ■'-'^ — = 



and 



fo 



f . |{fc < n : |x(A;)| > e}| , 1 
= < X G too : lim sup — = for each e > > . 

I, n— >oo ^ J 



T/ien 

(1) J)oo is an ideal in too and Do is a closed ideal in l^. 

(2) 5oo '"5 dense in Oq- 

(3) Neither Ooo ^Jor Oq *5 unital. 

(4) 5oo and do are isometrically isomorphic to Coo{y) andCo{Y), respectively, 
for the subspace 

y = y <^ cl;3N^ :Acn and lim sup J ^-^ = ^ 

0//3N. 

(5) 5oo contains a copy of the normed algebra ioo ■ 

(6) Ooo / Coo contains a copy of the algebra 

(7) 3o/co contains a copy of the norm,ed algebra 

CO ■ 

8. Continuous mappings whose support has a topological property *p 

Let X be a space and let *P be a topological property. Then 

J'^ = {ACX : c\xA has <p} 

is an ideal in (^(X), C) if *p is required to satisfy certain mild requirements. We 
consider Cqq{X) and Cq {X) where = J^fp; for simplicity of the notation we 
denote them by C(5^(X) and Cq{X), respectively, and denote X^X by AtpX. In 
this context we will have 

Cqq{X) = {/ g Cb{X) : supp(/) has a closed neighborhood in X with ?p} 

and 

C^(X) = {/ e Cb{X) : |/|-i([l/n,oo)) has for each n). 

The ideal J% is non-proper if and only if X is non-^P, and if X is regular, X is 

locally null if and only if X is locally-*p. Particular attention is paid to spaces X 
and topological properties *p such that X is locally-*p and has £3 and *P satisfies 

+ — > The Lindclof property, 

where is a topological property subject to some requirements. In particular, in 
this case we have 

CfoiX) = {/ e C^{X) : supp(/) has 
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The special case in which *p is the Lindelof property and Q is metrizabihty (or 
paracompactness) is studied in great detaiL Among other things, we show that 
XrfjX is countably compact and is non-normal if X is non-*p. In particular, 

dimCg{X)^e{Xf", 

where i{X) is the Lindelof number of X. The concluding results in this section 
deal with realcompactness and pseudocompactness. We show that if ^ is realcom- 
pactness and X is normal, then 

X<^X = (3X\c\0xivX\X), 

where vX is the Hewitt realcompactification of X. Also, if *p is pseudocompactness 
and X is completely regular, then 

A<^X = intisxvX 

for the ideal 

= {A e ^'^{X) : A is pseudocompact} 

of (W(X),C). 

Now we proceed with the formal treatment of the subject. Theorem 18.81 im- 
proves results from [H] (also (20J, Theorem 18. 121 is actually the main result of [16] 
rephrased in the new context, and Theorems 18. 191 and 18. 231 modify results from [T5] 
and [T5|, respectively. 

Definition 8.1. Let *p be a topological property. Then 

• *P is closed hereditary, if any closed subspace of a space with *p, also has 
^. 

• ?P is preserved under finite (resp. countable) closed sums, if any space which 
is expressible as a finite (resp. countable) union of its closed subspaces each 
having *p, also has *p. 

Notation 8.2. Let X be a space and let *p be a topological property. Denote 

■y<:(s ^ {A C X : dxA has ^}. 

We may use the following lemma without explicitly referring to it. 

Lemma 8.3. Let X be a space and let ^ be a closed hereditary topological property 
preserved under finite closed sums. Then J^tp is an ideal in {^{X), C). 

Proof. Let i? C ^ with A e J^^s- Then clxB C clx^. Since clx^ has <p and 
*P is closed hereditary, the closed subspace clx-B of clxA also has *p. That is 
B e J^qj. Next, let Ai,..., An g J^^p. Then clx^i U • • • U clxA^ has <p, as each 
clx^i, . . . , clx^n has *P and *P is preserved under finite closed sums. Since 

dx{Ai U • • • U yl„) = dxAi U • • • U dxA^ 

we then have U • • • U A„ e J^qj . □ 

Example 8.4. The list of topological properties *P which are closed hereditary 
and preserved under finite closed sums (thus satisfying the assumption of Lemma 
18. 3p is quite long and include almost all important covering properties (that is, 
topological properties described in terms of the existence of certain kinds of open 
subcovers or refinements of a given open cover of a certain type); among them are: 
(1) compactness (2) [6*, K]-compactness (in particular, countable compactness and 
the Lindelof property) (3) paracompactness (4) metacompactness (5) countable 
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paracompactness (6) subparacompactness (7) 0-refinability (or submetacompact- 
ness) (8) the cr-para-Lindelof property (9) JS-refinability (or the submeta-Lindelof 
property) (10) weak 6'-refinabihty, and finally (11) weak (S0-refinability. (See [S], 
[25j and [27, for definitions.) These topological properties are all closed hereditary 
(see Theorem 7.1 of for (3)-(4) and (6)-(ll), Theorem 3.1 of [25] for (2) and 
Exercise 5.2.B of fT for (5); this is obvious for (1)) and are preserved under finite 
closed sums (see Theorems 7.3 and 7.4 of ^ for (3)-(4) and (6)-(ll), and Theorem 
3.7.22 and Exercises 5.2.B and 5.2.G of [7] for (5); this follows from definition for 
(2) and is obvious for (1)). 

There are examples of topological properties, not generally considered as a cov- 
ering property, which are closed hereditary and preserved under finite closed sums. 
We only mention a-boundedness. (A space X is called a-bounded, where a is an 
infinite cardinal, if every subspace of X of cardinality < a has compact closure 
in X .) That a-boundedness is closed hereditary and preserved under finite closed 
sums follows easily from its definition. 

Definition 8.5. Let *p be a topological property. A space X is called locally-''Jp if 
each X ^ X has a neighborhood in X with *p. 

Lemma 8.6. Let X be a regular space and let ^ be a closed hereditary topological 
property preserved under finite closed sums. Then X is locally null (with respect to 
the ideal ^^qj j if and only if X is locally-^i. 

Proof. Note that is an ideal in (X) , C) by Lemma [5751 Let X be locally null 
and let X € X. Then x € intxU for some U G J^rp. Thus cl^C^ is a neighborhood 
of X in AT with For the converse, let a; G X have a neighborhood V in X with 
There exists an open neighborhood W oi x in X with clxM^ C V. Now, clj^M^ 
has as it is closed in V and V has *p. Thus W is null. □ 

We introduce the following notation for convenience. 

Notation 8.7. Let X be a space and let *P be a closed hereditary topological 
property preserved under finite closed sums. Denote 

Cg{X)^C,^^X) and (X) ^ cf^ (X). 

Also, denote 

Xf^X — \j:^X. 

Theorem 8.8. Let X he a space and let *p 6e a closed hereditary topological property 
preserved under finite closed sums. Then 

C^(X) = {/ G Ch{X) : supp(/) has a closed neighborhood in X with *|}}. 

Furthermore, 

• C^q{X) is an ideal (in particular, a normed subalgebra) in the algebra 
CbiX). 

If X is completely regular, then 

• C^(Ar) is of empty hull if and only if X is locally-^. 
If X is completely regular and locally-^, then 

• C^q{X) is unital if and only if X is non-^. 
If X is normal and locally-^, then 
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• The normed algebra C^q{X) is isometrically isomorphic to Coo(y) for some 
unique (up to homeomorphism) locally compact H aus dor ff space Y, namely 

Y = AqjX. Furthermore, 
o X is dense in Y . 

o C^(X) is unital if and only ifY is compact. 

Proof. Let / G Cb{X). If supp(/) has a closed neighborhood U in X with *p then 
supp(/) has a nuU neighborhood in X, namely, U itself. Thus / G C^q{X). On the 
other hand, if / G C^q{X), then supp(/) has a null neighborhood V in X. Thus 
clxV" is a closed neighborhood of supp(/) in X with *p. The remaining assertions 
of the theorem follow from Lemma 18.61 (and Lemma 18. 3p and Theorems 13.31 13.81 
EniandEH □ 

Theorem 8.9. Let X be a space and let ^ be a closed hereditary topological property 
preserved under finite closed sums. Then 

C(f (X) {/ G CbiX) : \f\-^{[l/n,oo)) has «P for each n}. 

Furthermore, 

• Cq^{X) is a closed ideal (in particular, a Banach suhalgebra) in the normed 
algebra Cb{X). 

. CgiX)CC^{X). 
If X is completely regular, then 

• (X) is of empty hull if and only if X is locally-^. 
If X is completely regular and locally-^, then 

• C(f (X) is unital if and only if X is non-Vji. 
If X is normal and locally-^, then 

• The Banach algebra C'^ {X) is isometrically isomorphic to Co{Y) for some 
unique (up to homeomorphism) locally compact H aus dor ff space Y , namely 

Y = ArpX. Furthermore, 
o X is dense in Y . 

o C^q{X) is dense in C'^{X). 

o Cq^ (X) is unital if and only ifY is compact. 

Proof. If n is a positive integer, then oo)) (since it is closed in X) is 

null if and only if it has *p. The given representation of C^{X) follows then from 
Proposition |4?3l (and Lemma [8.31) . The remaining assertions of the theorem follow 
from Lemma EM and Theorems HH 1121 |4J] and EH □ 

The following introduces conditions under which the representation of C'qq{X) 
simplifies. 

Theorem 8.10. Let *P and Q be topological properties such that 

• ^ is closed hereditary and preserved under countable closed sums. 

• Q is closed hereditary. 

• Any space with £} having a dense subspace with CP has Vji. 
Let X be a space with 0. Then 

(1) J% is a a-ideal in {^{X), C). 
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(2) // X is regular and locally-^ and 

^ + Q ^ The Lindeldf property 



then 
Also, 



CfoiX) = {/ e Cb{X) : supp(/) has ^} . 
C^,{X)^Cf+''iX) and (X) = Cf+'' (X). 



Proof. (1). By Lemma [8.31 it suffices to show that is closed under countable 
unions. Let Ai,A2, ... £ =/tp. Then 

oo 

G = y cix^„ 

has as each cljf^i, clxA2, . . . has *P (and *p is preserved under countable close 
sums). Note that 

F = clx ( U ^ 

^n=l 

has £3, as it is closed in X and X has 0. Since H contains G as a dense subspace 
it follows that H has Cp. Therefore 

oo 

U An e ^p. 

71=1 

(2). Let / e G^(X). Then supp(/) has a null neighborhood in X, that is, 
supp(/) C intxU for some subspace J7 of X such that cljfC^ has ^. It then follows 
that supp(/) has *p, as it is closed in dxU. 

Next, let / S Cb{X) such that supp(/) has *p. Note that X is locally null by 
Lemma 1121 For each x G X let Ux be a null neighborhood of a; in X. Then 

supp(/) C (J mtxUx- 

Note that supp(/) has Q, as it closed in X and X has 0. Since supp(/) also has 
it is then Lindelof. Let xi,X2, ■ ■ ■ € X such that 

oo 

supp(/) C y intxUx^. 

n=l 

Note that J^tp is a cr-ideal by (1). Therefore Vn>i (= Un>i Ux,^, by the proof 
of (1)) is a null neighborhood of supp(/) in X. Thus / £ C^q{X). 

To conclude the proof it suffices to show that c^sp = c^sp+Q. It is obvious that 
^ -^q3- Let A e J^p. Then clx^ has *p. But clx^ also has 0, as it is closed 
in X and X has 0. Thus A e J^p+Q. □ 

In the following we give examples of topological properties *P and satisfying 
the assumption of Theorem 18.101 

Example 8.11. For any open covers and 1^ of a space X we say that is a 
refinement of Y if each element of is contained in an element of Y. An open 
cover of X is called locally finite if each point of X has an open neighborhood 
in X intersecting only a finite number of the elements of A regular space X 
is called paracompact if for every open cover ^ of AT there is an open cover of X 
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which refines . Paracompact spaces are generally considered as the simultaneous 
generalizations of compact Hausdorff spaces and metrizable spaces. Every metriz- 
able space as well as every compact Hausdorff space is paracompact and every 
paracompact space is normal. (See Theorems 5.1.1, 5.1.3 and 5.1.5 of ,7 .) 

Let *p be the Lindelof property and let £} be either metrizability or paracom- 
pactness. Note that the Lindelof property is closed hereditary (see Theorem 3.8.4 of 
[7]) and is preserved under countable closed sums, as obviously, any space which is 
a union of a countable number of its Lindelof subspaces is Lindelof. Note that any 
subspace of a metrizable space is metrizable and a closed subspace of a paracompact 
space is paracompact. (See Corollary 5.1.29 of jT.) Also, any paracompact space 
with a dense Lindelof space is Lindelof (see Theorem 5.1.25 of 7 ), since any metriz- 
able space is paracompact, it then follows that any metrizable space with a dense 
Lindelof space is Lindelof. Therefore, the pair *p and satisfy the assumption of 
Theorem HHni 

Note that in the realm of metrizable spaces the Lindelof property coincides with 
separability and second countability; denote the latter two by & and £, respectively, 
and denote the Lindelof property by £. Thus, if X is a metrizable space, then 

which implies that 

C§,{X) = CgiX) = Co^o(^) and C^{X) = C^{X) = Cl{X). 

Let X be a locally separable metrizable space. The study of the Banach subalge- 
bra Cs{X) of Ch{X) consisting of those elements of Ch{X) with separable support, 
constitutes the subject matter of our next result. We need some preliminaries first. 

The density of a space X, denoted by d{X), is defined by 

d{X) = min{|D| : D is dense in X] + Ho. 

In particular, a space X is separable if and only if d{X) = Kq. Note that in any 
metrizable space the notions of separability and second countability coincide; thus 
any subspace of a separable metrizable space is separable. A theorem of Alexandroff 
states that any locally separable metrizable space X can be represented as a disjoint 
union 

where / is an index set, and Xi is a non-empty separable (and thus Lindelof) 
open-closed subspace of X for each i ^ I. (See Problem 4.4.F of [7].) Note that 
d{X) = |/|, if / is infinite. 

Let D be an uncountable discrete space. Denote by D\ the subspace of f3D 
consisting of elements in the closure in D of countable subsets of D. In [28], the 
author proves the existence of a continuous (2-valued) function / : Dx\D — >■ [0, 1] 
which is not continuously extendible over /3D\D. In particular, this implies that Dx 
is not normal. (To see this, suppose the contrary. Note that Dx\D is closed in Dx, 
as D is locally compact and thus open in (]D. By the Tietze-Urysohn Extension 
Theorem, / is extendible to a continuous bounded function over Dx, and therefore 
over l3Dx; note that /3Dx = f3D, as D C Dx Q f3D. But this is not possible.) 

A theorem of Tarski states that for any infinite set /, there is a collection of 
cardinality consisting of countable infinite subsets of /, such that the intersec- 
tion of any two distinct elements of is finite. (See [12].) Note that the collection 
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of all subsets of cardinality at most m in a set of cardinality n > m has cardinality 
at most n". 

Observe that if X is a space and D is a subspace of X , then 

Ur]c\xD = c\x{Ur\D) 

for every open-closed subspace U oi X. This simple observation will be used below. 

Theorem 8.12. Let X be a locally separable metrizable space. Let 

Cs{X) = {/ e Cb{X) : supp(/) is separable]. 

Then C's{X) is a Banach algebra isometrically isomorphic to Cq{Y) for some unique 
(up to homeomorphism) locally compact Hausdorjf space Y. Moreover 

(1) Y is countably compact. 

(2) Y is non-normal if X is non- separable. 

(3) CoiY) = CooiY). 

(4) dimC,(X) = d{Xfo. 

Proof. Let *P be the Lindelof property and let O be metrizability. Then, as we have 
seen in Example 18.111 the pair *p and satisfy the assumption of Theorem 18.101 
Consider a representation 

x = \Jx,, 

iei 

of X , where X^'s are disjoint non-empty Lindelof open-closed subspaces of X and 
/ is an index set. To simplify the notation, denote 

Hj =\JX, 

ieJ 

for any J C /. Observe that each Hj is open-closed in X, thus it has open-closed 
closure in /SX. Also 

(8.1) As;jX = [J{c\pxHj : J C / is countable}. 

To show this, let C £ Coz{X) such that clxC has a neighborhood U 'm X such that 
c\xU is Lindelof. Then clxC itself is Lindelof, as it is closed in c\xU, and therefore 
cljfC C Hj for some countable J C I. Thus cl^xC Q cljSxHj. On the other hand, 
if J C / is countable, then Hj is a cozero-set in X, as it is open-closed in X, and it 
is Lindelof, as it is a countable union of Lindelof subspaces. Since clpx Hj is open 
in /3X we have 

dpxHj = intpxclfixHj C X«pX. 

Note that (3) implies (1). (3). It suffices to show that every cr-compact subspace 
of AqjX is contained in a compact subspace of AtpX. Let A = 1J„>]^ An, where each 
An is compact, be a cr-compact subspace of AspX. Using (|8.ip . by compactness we 
have 

(8.2) An C c\pxHj, U • • • U clpxHj^^ 
for some countable Ji, . . . , Jk^ C /. Let 

oo 

(8.3) J= |J(Jfe, U---U JfcJ. 

n=l 

Then J is countable and A C clpxHj. That is A is contained in the compact 
subspace clpxHj of \^X. 
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(2). Let Xi E Xi for each i E I. Then D — {xi : i G /} is a cfosed discrete 
subspace of X, and since X is non-separable, it is uncountable. Suppose in the 
contrary that ArpX is normal. Then, using (|8.ip . it follows that 

AtpX n clfjxD = [_J{c\i3xHj n clfixD : J C / is countable} 

is normal, as it is closed in AqjX. Now, let J C J be countable. Since cljsxHj is 
open-closed in /3X (using the observation preceding the statement of the theorem) 
we have 

clpxHjHclpxD = clfixiclfsxHjnD) = clpxiHjHD) = cl(ix{{x^ : i £ J}). 
But clpxD = j3D, as D is closed in X and X is normal. Therefore 

c\i3x{{X'i. -.ieJ})^ c\i3x{{Xi : i e J}) n clpxD = cl/3D({a;j : i e J}). 

Thus 

\^X n cl^x-D = lj{cl;3 uE : E C D is countable} = D\, 

contradicting the fact that Dx is not normal. 

(4). Since X is non-separable, / is infinite and d{X) = |/|. Let ^ be a collection 
of cardinality |/|^" consisting of countable infinite subsets of /, such that the inter- 
section of any two distinct elements of is finite. Let /,/ = xh, for any J E J^. 
No element in 

^^{fj:Je^} 

is a linear combination of other elements (as each element of .y is infinite and 
each pair of distinct elements of has finite intersection). Observe that ^ is of 
cardinality Thus 

dimC^(X) > \J^\ = \I\^° = d{Xf°. 

On the other hand, if / G Cs(X), then supp(/) is Lindelof (as it is separable) 
and thus supp(/) C Hj, where J C / is countable; therefore, we may assume 
that / e Cb{Hj). Conversely, if J C / is countable, then each element of Cb{Hj) 
can be extended trivially to an element of Cs{X) (by defining it to be identically 
elsewhere). Thus Cs{X) may be viewed as the union of all Cb{Hj), where J 
runs over all countable subsets of /. Note that if J C J is countable, then Hj is 
separable; thus any element of Cb{Hj) is determined by its value on a countable 
set. This implies that for each countable J I, the set Cb{Hj) is of cardinality at 
most c^" = 2^". There are at most |/|^° countable J C I. Therefore 

dimC,(X) < \Cs{X)\ < I [j{CbiHj) : J C / is countable} 

< 2^" ■ \I\^'> = \I\^° = diXf° . 

□ 

The Lindelof number of a space X, denoted by i{X), is defined by 

£{X) — min{n : any open cover of X has a subcover of cardinality < n} + Hq. 

In particular, a space X is Lindelof if and only if £{X) ~ Ho. Any locally compact 
paracompact space X may be represented as 
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where Xi^s are disjoint non-empty Lindelof open-closed subspaces of X and / is an 
index set. (See Theorem 5.1.27 of H-) Note that £{X) = |/| if / is infinite, and 
£{X) = d{X) if X is a locally separable metrizable space. 

The next theorem is a corollary of Theorem 18.101 and is dual to Theorem 18.121 

Theorem 8.13. Let X be a locally Lindelof paracompact space. Let 

Ci{X) = {/ e CbiX) : supp(/) IS Lindelof}. 

Then C'i(X) is a Banach algebra isometrically isomorphic to Co{Y) for some unique 
(up to homeomorphism) locally compact Hausdorff space Y. Moreover, if X is also 
locally compact then 

(1) Y is countably compact. 

(2) Y is non-normal if X is non-Lindelof. 

(3) CoiY) = CooiY). 

(4) dimCiiX) ^ i{X f°. 

Proof. Let *p be the Lindelof property and let be paracompactness. By Example 
I8.11[ the pair *p and satisfy the assumption of Theorem 18.101 Note that if X 
is also locally compact then it assumes a representation as given in the proof of 
Theorem 18.121 The theorem now follows by an argument analogous to the one 
given in the proof of Theorem 18.121 □ 

The topological properties considered so far have all been closed hereditary; we 
now consider pseudocompactness. (Recall that a completely regular space X is 
called pseudocompact if every continuous / : X — R is bounded.) Pseudocom- 
pactness is not a closed hereditary topological property, however, it is hereditary 
with respect to regular closed subspaces, that is, every regular closed subspace of 
a pseudocompact space is pseudocompact. (See Exercise 3.10.F(e) of 7 .) What 
makes pseudocompactness so distinct is the known structure of Xi^/X (with the 
precise definition of the ideal ^ as given in Notation I8.14p . 

Recall that ^"^(X) denotes the set of all regular closed subspaces of a space X. 
As noted previously, {^''^{X), C) is an upper semi-lattice (indeed, a lattice) with 
A V B = A U B for any A, B e W(X). 

Notation 8.14. Let X be a completely regular space. Denote 
'F/ = {Ae .W(X) : A is pseudocompact}. 

Lemma 8.15. Let X be a completely regular space. Then is an ideal in 
(W(X),C). 

Proof. Note that is non-empty, as it contains 0. Let B C_ A with A G and 
B £ ^'^{X). Note that B is regular closed in A. (Since B is regular closed in 
X we have B = clxU for some open subspace U oi X. But then U is open in A 
and B = c\aU.) Since A is pseudocompact and pseudocompactness is hereditary 
with respect to regular closed subspaces then B is pseudocompact. That is i? e 
Next, let C, I? S Then C V D = C U D is pseudocompact, as each C and D is 
so. Thus CVL» G □ 

The following is dual to Lemma 

Lemma 8.16. Let X be a completely regular space. Then X is locally null (with 
respect to the ideal ) if and only if X is locally pseudocompact. 
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Proof. The proof is similar to that of Lemma [8761 Observe that (since X is regular) 
for every x G X each neighborhood of a; in X contains a regular closed neighborhood 
of X in X, that is, a neighborhood in X of the form clxU where U is open in X. □ 

Considering the dualities between Lemmas 18.31 and 18.151 and between Lemmas 
18.61 and I8.16[ one can state and prove results dual to Theorems 13. 3[ 13. 8[ I3.10[ 13.131 
14.51 14.61 and 14.71 We will now proceed with determining Ao^X. We need some 
preliminaries first. 

A completely regular space X is said to be realcompact if it is homeomorphic to 
a closed subspaces of some product R"' of the real line. Realcompactness is a closed 
hereditary topological property. Every regular Lindelof space (in particular, every 
compact Hausdorff space) is realcompact. Also, every realcompact pseudocompact 
space is compact. To every completely regular space X there corresponds a real- 
compact space vX (called the Hewitt realcompactification of X) which contains X 
as a dense subspace and is such that every continuous f : X ^ R is continuously 
extendible over vX; we may assume that vX C /3X. Note that a completely regular 
space X is realcompact if and only ii X — vX . (See Section 3.11 of for further 
information.) 

The following lemma, which may be considered as a dual result of Lemma 13.91 
is due to A.W. Hager and D.G. Johnson in [10]; a direct proof may be found in [6]. 
(See also Theorem 11.24 of HH].) 

Lemma 8.17 (Hager-Johnson [10] ). Let X be a completely regular space and let 
U be open in X. If cl^xU is compact then clxU is pseudocompact. 

Observe that any completely regular space X with a dense pseudocompct sub- 
space A is pseudocompact; as for any continuous / : AT — )■ M we have 

f{X) = f{c\xA) C chf{A) 

and f{A) is bounded (since A is pseudocompact). 

Lemma 8.18. Let X be a completely regular space and let A be regular closed in 
X. Then clfsxA C vX if and only if A is pseudocompact. 

Proof. One half follows from Lemma r8.171 as if clpxA C vX then cl^jxA = clpxA is 
compact, as it is closed in /3X. For the other half, note that if A is pseudocompact 
then so is cl^x^, as it contains A as a dense subspace. But cl^x^ is realcompact (as 
it is closed in vX and vX is so) and therefore is compact. Thus djjxA C cl^xA. □ 

Theorem 8.19. Let X be a completely regular space. Then 

\i//X = iiiifixvX. 

Proof. Suppose that C G Coi{X) is such that c\xC has a pseudocompact neigh- 
borhood [/ in AT. Since U is pseudocompact and c\xC is regular closed in X (and 
thus in U) then c\xC is pseudocompact. Thus cl^xC' C vX , by Lemma [8. 181 and 
therefore int^xcl^xC* C inipxyX. 

To show the reverse inclusion, let t G int^xuAT. By the Urysohn Lemma (and 
since (3X is normal, as it is compact Hausdorff) there is a continuous / : PX — > [0, 1] 
with f{t) = and f\i3x\intpxvX = 1- Then 

C^xc^f-^ ([0, 1/2)) e Coz(a:) 
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and t e intpxclpxC, as t e /-i([0,l/2)) and f-\[0,l/2)) C intpxclpxC by 
Lemma O Note that if V ^ X n /"i([0,2/3)) then clxV is a neighborhood of 
clxC" in X, and c\xV is pseudocompact by Lemma [8.181 as it is regular closed in 
X and 

clpxV C f-\[0,2/S]) CvX. 

□ 

In our final result we will be dealing with realcompactness. Despite the fact that 
realcompactness is closed hereditary, it is unfortunately not preserved under finite 
closed sums in the realm of completely regular spaces. (In [21] - a correction in 
[22] - S. Mrowka describes a completely regular space which is not realcompact 
but it can be represented as the union of two of its closed realcompact subspaces; 
a simpler example is given by A. Mysior in [13 •) o^'" previous results are not 
applicable as long as the underlying space is required to be only completely regular. 
As we will see, the situation changes if we confine ourselves to the class of normal 
spaces. 

Recall that a subspace A of a space X is called C- embedded in X if every con- 
tinuous / : A R is continuously extendible over X. 

Lemma 8.20 (Gillman-Jerison ^9J). Let X be a completely regular space. If A is 
C -embedded in X then cl^x^ = 'uA. 

By in the following we simply mean .^tp, as defined in Notation 18. 2[ with *p 
assumed to be realcompactness; the re-definition is for convenience. (This is also 
consistent with the initial terminology once used to refer to realcompact spaces. 
Realcompact spaces were originally introduced by E. Hewitt in [11]; they were then 
called Q -spaces.) 

Notation 8.21. Let X be a space. Denote 

^ = {A C X : clxA is realcompact}. 

Recall that a completely regular space X is realcompact if and only ii X = vX . 
Observe that in a normal space each closed subspace is C-embedded. (See Problem 
3.D.1 of [S].) This observation will be used in the following. 

Lemma 8.22. Let X be a normal space. Then =S is an ideal in {^(X), C). 

Proof. Note that i? is non-empty, as it contains 0. Let B C A with ^ e i2. Then 
clxB C clxA. Since clxA is realcompact and realcompactness is closed hereditary 
then clxB is realcompact. That is B € i?. Next, let C,D G ^. Since X is normal, 
every closed subspace of X is C-embedded in X. Thus, using Lemma |8]20] we have 

v{dxiCUD)) - cl^xiCUD) 

= clvxC U cli,xD 

= v{clxC)Uv{c\xD) 

= clxCUdxD^dxiCUD). 

That is clx{C U D) is realcompact. Therefore CUD e ^. □ 



Once one states and proves a lemma dual to Lemma 18.61 it will be then possible 
to state and prove results dual to Theorems ESI EH [3T0l [3T3l K5\ K6\ and HJl 
Our concluding result determines X^X. As in the case of pseudocompactness, it 
turns out that X^X is a familiar subspace of /3X as well. 
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Theorem 8.23. Let X be a normal space. Then 

\jsX ^ pX\c\fix{vX\X). 

Proof. Suppose that C G Coz(X) is such that c\xC has a realcompact neighbor- 
hood U in X. Then c\xC is realcompact, as it is closed in U . Since clxC is C- 
embedded in X, as X is normal, by Lemma r8.20l we have cl^^xC = v{c\xC) — c\xC. 
But then int^jccl/3xC' H {vX\X) is empty, as 

ci^xC n {vx\x) = ci^xC n {vX\x) = 

and thus vaipxclpxC H c\fix{'vX\X) is empty, that is 

int^^cl^xC C pX\c\px{vX\X). 

To show the reverse inclusion, let t £ l3X\cli3x{yX\X). Let / : /3X [0, 1] be 
continuous with f(t) = and f\c\px(vX\x) = 1- Then 

C = Xn,f-\[Q,l/2)) e Coz{X) 

and t G intpxclfixC, as t E f~\[0,l/^)) and /"HP, 1/2)) C intpxclfixC by 
Lemma[3Jl Now let V = X n /~H[0, 2/3)). Then cl^l^ is a neighborhood of clxC 
in X. Since cl/3x^ H {vX\X) is empty, as cl^xV" C /^^([O, 2/3]), we have 

dxV = Xn c\f3xV = vX n cl/^xV = d^xV. 

Therefore cljc^ is realcompact, as it is closed in vX. □ 
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